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Abstract
The resonance D∗sJ(2317) which is considered to be the 1
3P0 state composed of charm
and strange quarks has been discovered recently. The measured mass, which is about
160 MeV lower than the mass of the 13P0 state obtained from the potential model
calculation by Godfrey and Isgur, was considered surprisingly low and attracted a lot
of theoretical investigations. We calculate the mass shift of the 13P0 state by using
the coupled channel effect. Our result shows that the coupled channel effect naturally
explains the observed mass of D∗sJ(2317).
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1 Introduction
The BaBar Collaboration [1] recently discovered a narrow resonance in D+s π
0, which
is known as the D∗sJ(2317), and it was confirmed by the CLEO [2] and the Belle
Collaborations [3]. Its decay patterns suggest a quark-model 0+ classification. The
measured mass, 2317.4±0.9 MeV [4] which is 40.9±1.0 MeV below the threshold of
D0K+, was considered surprisingly low compared to the predictions of the potential
model calculations. For example, the prediction of the 13P0 mass by Isgur and Godfrey
[5] was 2.48 GeV, and that by Eichten and Di Pierro [6] was 2.487 GeV, which are
about 160 and 170 MeV higher than the measured mass of D∗sJ(2317).
There have been many theoretical investigations which aimed to explain the mea-
sured low mass of D∗sJ(2317). Cahn and Jackson [7] used effective spin-orbit and
tensor forces resulting from a model based on the nonrelativistic reduction. Bardeen
et al. [8] worked with effective Lagrangians based on the chiral symmetry in heavy-
light meson systems. Barnes et al. [9] considered a mixing between two molecular
states |D0K+ > and |D+K0 >. Browder et al. [10] proposed a mixing between the
qq and 4-quark states and assigned a linear combination with less mass as D∗sJ(2317).
In this paper we calculate the mass shift of the 13P0 state composed of c and
s quarks by using the coupled channel effect which was pioneered by Eichten et al.
[11]. We consider the coupling of the 13P0 bound state, whose bare mass is 2.48 GeV
given in [5], with the two-meson continuum sectors of DK, D∗K, DK∗ and D∗K∗.
In reality, the D∗K and DK∗ do not contribute since their spin-dependent statis-
tical coupling coefficients are zero. We find that the contribution to the transition
amplitudes from the Coulombic part of the interaction potential between quarks is
about 60 % of that from the linear part. This aspect was first realized by Zambe-
takis [12, 13], and it is contrary to the usual consideration that the Coulombic part
is negligible in the contribution to the transition amplitudes [11, 14]. As a conse-
quence, the magnitude of the reduced interaction hamiltonian resulting when both
linear and Coulombic parts are included is about 2.6 times that resulting when only
the linear part is considered. This fact is crucial in the analysis of this paper: When
the Coulombic part is not included, there is no physical mass eigenstate below the
threshold of D0K+ for physically acceptable parameterizations. On the other hand,
when the Coulombic part is included, there exists a physical mass eigenstate with its
mass eigenvalue close to the measured D∗sJ(2317) mass in a natural manner. This
paper is organized as follows. In section 2 we briefly summarize the coupled channel
effect. Even though it is explained in detail in Refs. [11, 12, 13], we think that a
concise summary is useful for this paper. In section 3 we explain the procedures and
results of our calculation. The last section is conclusion.
2 Coupled Channel Effect
2.1 Basics
The coupled channel effect takes into account the fact that two-meson continuum
states of DK couple to two-quark cs bound states. There are two important effects
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of this coupling. The first is to give rise to mass shifts and configuration mixing of
cs bound states. The second is to provide broad peaks of cs resonance states above
threshold [11, 12, 13]. In this section we briefly summarize the coupled channel effect
which has been explained in detail in Refs. [11, 12, 13].
When we take the coupled channel effect into consideration, Hilbert space is com-
posed of two sectors: discrete cs bound states and continuum states of two mesons.
Then the total hamiltonian is written as
H = H0 +HPC, where H0 =
(
HQ 0
0 HC
)
, HPC = ξ
(
0 HQC
HCQ 0
)
. (1)
HQ and HC are diagonal respectively in the quark-antiquark bound state space |i >
and in the two-meson continuum space |P, λ > (where P is the relative momentum
of two mesons), which satify
H0|i >=Mbarei |i >, HC |P, λ >= EC(P )|P, λ > , (2)
< i|j >= δij, < P, λ|P′, λ′ >= (2π)3δ3(P−P′)δλλ′ , < i|P, λ >= 0. (3)
HPC in (1), where PC means pair creation, connects two spaces |i > and |P, λ >.
Physical mass eigenstates are eigenstates of the total hamiltonian H in (1). We
denote the physical mass eigenstate by |N > with a collective quantum number N .
Then with a physical mass MN , |N > satisfies
H|N >=MN |N > . (4)
When the value of ξ in (1) varies to zero, |N > becomes one of the bare states |i >.
Physical mass eigenstate |N > can be expanded in terms of bare states as
|N >=∑
i
ai|i > +
∑
λ
∫
d3P
(2π)3
bλ(P )|P, λ > . (5)
From (1)-(5) bλ(P ) and ai in (5) are related by
bλ(P ) =
∑
i
< P, λ|HPC|i >
MN − EC(P ) ai, (6)
then from (1) and (4) we get
Heffa
N =MNa
N with Heff =M
bare + Ω(MN ), (7)
where Mbare is a diagonal matrix with Mbarei in (2) as diagonal elements, a
N is a
column vector with probability amplitudes aNi as its elements, and the matrix elements
of Ω(W ) is given by
Ωij(W ) =
∑
λ
∫
d3P
(2π)3
< i|HPC |P, λ >< P, λ|HPC|j >
W − EC(P ) + iǫ . (8)
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For W above threshold, Ω(W ) has the structure of Ω(W ) = ∆(W ) − iΓ(W )/2 with
∆(W ) and Γ(W ) real symmetric matrices. Once the matrix Ω(W ) is known, the mass
eigenvalues of the coupled system are found from
Det(MNI − [Mbare + Ω(MN )]) = 0. (9)
We can calculate the normalization constant of the amplitudes in (5) from
N 2
(∑
i
|ai|2 +
∑
λ
∫ d3P
(2π)3
|bλ(P )|2
)
= 1. (10)
Using (6) and (8), we get
N 2 =
(∑
i
|ai|2 +
∑
i,j
a∗iωij(MN )aj
)−1
, (11)
where
ωij(MN) = − d
dW
Ωij(W )|W=Mn. (12)
The probability that the physical mass eigenstate |N > be in the quark-antiquark
bound state sector is given by Z = N 2∑i |ai|2, while that in the two-meson state
sector is 1− Z.
2.2 Mechanism of Light Quark Pair Creation
The Cornell group studied the effect of OZI allowed decay channels [11]. They pro-
posed that the following interaction hamiltonian is responsible for the decay as well
as the binding of quark–antiquark bound states.
HI =
1
2
8∑
a=1
∫
d3xd3y : ρa(x)V (x− y)ρa(y) :, (13)
where
V (r) = −κ
r
+
r
a2
. (14)
In (13) ρa(x) = ψ
†(x)1
2
λaψ(x) are the color densities of quark fields. This model
corresponds to the vector coupling since (13) is the leading term of the vector coupling
hamiltonian in the nonrelativistic expansion.
One can calculate the transition amplitude between two-quark bound and two-
meson continuum states using the interaction hamiltonian (13). Then (8) becomes
ΩnL,mL′(W ) =
∑
I
∫
P 2dP
HInL,mL′(P )
W −E1(P )− E2(P ) + iǫ
≡ ∑
I
[∆InL,mL′(W )−
i
2
ΓInL,mL′(W )], (15)
4
D0 D+ D∗0 D∗+ K+ K0 K∗+ K∗0
1864.6 1869.4 2006.7 2010.0 493.677 497.648 891.66 896.10
Table 1: Meson Masses (MeV) used in the calculation [4].
where
HInL,mL′(P ) = f
2
∑
l
C(Js, LL′, J1J2, l)I
l
nL(P )I
l
mL′(P ) (16)
with
f 2 =
2
3π2a4m2q
1
β3
. (17)
In (16), I lnL(P ) is the momentum dependent factor of the transition amplitude. The
superscript I in (15) denotes the participating coupled channels which are composed
of two mesons. The angular momenta and energies of these two mesons are denoted by
J1, J2, and E1(P ), E2(P ), respectively. H
I
nL,mL′(P ) depends on the coupled channel,
and it also depends on J and s (the total angular momentum and spin of the quark-
antiquark bound state).
For the vector coupling, I lnL(P ) in (16) is given by
I lnL(P ) =
∫ ∞
0
dtΘ(t)RnL(
t√
β
)jl(
ρQPt√
β
) (18)
with
Θ(t) = [te−t
2
+(t2−1)e−t2/2
√
π
2
erf(
t√
2
)]+4βa2κ[−te−t2+e−t2/2
√
π
2
erf(
t√
2
)], (19)
where RnL(r) is the radial wave function of the quark-antiquark bound state, jl(t) is
the spherical Bessel function, and ρQ = mQ/(mq +mQ). The first and second terms
in (19) come from the linear and Coulombic parts of (14), respectively.
3 Mass Shift of D∗sJ (2317) Meson from Coupled
Channel Effect
Isgur and Godfrey obtained the mass of the 13P0 state composed of c and s quarks as
2.48 GeV from the interaction between two quarks. Their result corresponds to the
bare mass Mbare in (2). In this section we calculate the mass shift of the 13P0 state
using the coupled channel effect explained in the previous section. In particular, (9)
gives the physical mass given when the coupled channel effect is incorporated.
For V (r) in (14) we use the following two parameterizations in our calculation.
(A) Eichten et al. [11]: κ=0.517, a=2.12 GeV, mc=1.84 GeV.
(B) Hagiwara et al. [15]: κ=0.47, a = 1/
√
0.19 GeV, mc=1.32 GeV.
For the masses of s and u, d quarks, we use ms=0.55 GeV, mu,d=0.33 GeV.
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Figure 1: I011(P ) for the potential A with µb=0.46 GeV.
Following [5], we use the radial wave functions of cu, cd, su, sd states with L = 0
which are given by the ground state harmonic-oscillator wave functions (2µa
3
2/π
1
4 )
exp(−µa2r2/2), and that of cs state with L = 1 by the first excited harmonic-oscillator
wave function (8
1
2µb
5
2/3
1
2π
1
4 ) r exp(−µb2r2/2). β in (17) and µa here are related by
β = µ2a/2. For the value of β in the calculations of (17) and (18), we take µa=0.61 GeV
which is the average value of µa(K)=0.61 GeV and µa(D)=0.60 GeV given in [16].
For the value of ρQ in (18) defined as mQ/(mq +mQ), we take mQ as (mc +ms)/2.
The formula for I lnL(P ) in (18) was derived for the case where two mesons in the
coupled channel have the same heavy quark such as DD [11]. However, in our present
study two mesons are D and K mesons, and (18) is not exact in our system. So, we
approximate our system by using the formula for I lnL(P ) given in (18) with the above-
mentioned values of β and ρQ. For the value µb which comes into the cs state radial
wave function RnL(r) in (18), we take two prototype values: µb=0.46 GeV given
in [16] for DsJ(2632) and µb=0.57 GeV in [17] for
3P0(cs). In the calculation in
this paper we also adopt the approximation of taking only one cs bound state of
13P0 for the quark-antiquark bound state sector, whereas we take all the two-meson
continuum sector of DK, D∗K, DK∗ and D∗K∗. That is, we do not include in our
calculation the higher cs bound states of n3P0 whose masses are located above the
threshold. If we include those higher cs bound states in the calculation, the physical
mass eigenvalue would be modified. However, we expect the modification is not large
since the 13P0 is very close to the threshold and then the coupling channel effect to
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Figure 2: I211(P ) for the potential A with µb=0.46 GeV.
this state is dominant. There is also a merit of this approximation that one can see
clearly how the coupled channel effect gives rise to the mass shift.
The statistical coupling coefficient C(Js, LL′, J1J2, l) in (16) is 1 for l = 0 in
the DK channel, 1/3 for l = 0 and 8/3 for l = 2 in the D∗K∗ channel, and other
coefficients are zero. In the calculation we use the meson masses given in Table 1 [4].
We calculate I lnL(P ) using (18). The results of I
l
nL(P ) for n = L = 1 and l = 0, 2 are
presented in Figs. 1 and 2. As we see in the figures, the contribution to I lnL(P ) from
the Coulombic part is about 60 % of that from the linear part.
Ref. [11] ignored the Coulombic part of V (r) in (13) in order to simplify their cal-
culations. They argued that this is justified because small quark separations are not
important in hadronic decays. When Eichten et al. [14] analyzed the recently found
X(3872) state using the coupled channel effect, they also did not include the Coulom-
bic part in (13) in their calculation by considering that it is a good approximation
to neglect all effects of the Coulomb piece in (13). It has been a common practice to
ignore the Coulombic part in (13). However, it was first found by Zambetakis [12, 13]
that if one includes the Coulombic part in (13), he finds a significant modification of
I lnL. In fact, we find in this paper that the contribution to I
l
nL from the Coulombic
part is about 60 % of that from the linear part, and then the magnitude of Ω resulting
when both linear and Coulombic parts are included is about 2.6 times that resulting
when only the linear part is considered.
The fact that the inclusion of the Coulombic part in (13) increases the magnitude
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Figure 3: The result when the potential B and µb= 0.46 GeV were used. The upper
first and second lines are Ω when the Coulombic part is not included and when it
is include, respectively, and the lower diagonal line is W −Mbare where Mbare=2.48
GeV given in [5]. As we see here, Ω without the Coulombic part does not meet
with W −Mbare, which means that there does not exist a solution of the eigenvalue
equation (9) below thresholds. On the other hand, Ω with the Coulombic part meets
with W −Mbare below thresholds and the value ofW=2.31 GeV at the meeting point
is the eigenvalue MN of (9).
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Parameterizations MN ∆MN Z
Potential µb (GeV) (GeV) (GeV)
A 0.46 2.29 –0.19 0.67
0.57 2.27 –0.21 0.70
B 0.46 2.31 –0.17 0.67
0.57 2.29 –0.19 0.71
Table 2: The results of MN , ∆MN and Z for each parameterization of the potential
and the µb value, when ρQ(≡ mQ/(mQ +mu,d)) with mQ = (mc +ms)/2 was used.
Parameterizations MN ∆MN Z
ρQ Potential µb (GeV) (GeV) (GeV)
A 0.46 2.31 –0.17 0.63
ρc 0.57 2.29 –0.19 0.68
B 0.46 2.32 –0.16 0.62
0.57 2.31 –0.17 0.67
A 0.46 2.23 –0.25 0.73
ρs 0.57 2.19 –0.29 0.75
B 0.46 2.27 –0.21 0.73
0.57 2.25 –0.23 0.75
Table 3: The results of MN , ∆MN and Z for each parameterization of the potential
and the µb value, when ρQ(≡ mQ/(mQ + mu,d)) with mQ = mc or ms was used in
order to see the sensitivity of the results to the parameter values.
of Ω about 2.6 times is very important in the analysis of this paper. Fig. 3 is the
result which we get when the potential B and µb= 0.46 GeV are used. The upper
first and second lines are Ω when the Coulombic part is not included (that is, when
only the linear part is considered) and when it is included, respectively, and the lower
diagonal line is W −Mbare where Mbare=2.48 GeV given in [5]. As we see the figure,
Ω without the Coulombic part does not meet with W − Mbare, which means that
there does not exist a solution of the eigenvalue equation (9) below thresholds. On
the other hand, Ω with the Coulombic part meets with W −Mbare below thresholds
and the value of W=2.31 GeV at the meeting point is the eigenvalue MN of (9).
The experimentally measured value of D∗sJ(2317) mass is 2317.4±0.9 MeV, which is
40.9±1.0 MeV below the lowest threshold energy 2358±0.5 MeV of D0K+. For all
the cases of the parameterizations given in Table 2, we have similar situations as that
shown in Fig. 3. In Table 2 we present the physical mass eigenvalue MN and the
mass shift ∆MN ≡ MN − Mbare(2.48 GeV). The values of Z which we calculated
using (11) are also presented in the table.
In order to see the sensitivity of the results to the value of the parameter ρQ,
we also performed the same calculation for ρQ = ρc and ρs, where mQ = mc and
ms in ρQ ≡ mQ/(mQ + mu,d), and the results are presented in Table 3. For all
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these different parameterizations, it is still true that the contribution to I lnL from the
Coulombic part is about 60 % of that from the linear part, and then the magnitude
of Ω resulting when both linear and Coulombic parts are included is about 2.6 times
that resulting when only the linear part is considered. Among all the cases in Table 2
and 3, only for the cases in the 5th and 6th rows of Table 3 there exists an eigenstate
also for the Ω with κ = 0, with its eigenvalue MN which is just belw the threshold of
D0K+. However, the parameterizations of those cases are not physically acceptable
since their mass eigenvalues presented in the 5th and 6th rows of Table 3 are too
small compared to the measured value.
4 Conclusion
It has been a common practice to ignore the Coulombic part in the calculation of
the transition amplitude between two-quark bound and two-meson continuum states.
However, the calculation in this paper shows explicitly that it is about 60 % larger
when both the linear and Coulombic parts are included in the calculation compared to
the case where the latter part is ignored. Consequently, the magnitude of Ω becomes
about 2.6 times larger when the Coulombic part is also included. This fact is crucial
in the analysis of this paper: When the Coulombic part is not included, there is
no physical mass eigenstate below the threshold of D0K+ for physically acceptable
parameterizations. On the other hand, when the Coulombic part is included, there
exists a physical mass eigenstate with its mass close to the measured D∗sJ(2317) mass
in a natural manner. Therefore, it was shown that the coupled channel effect explains
why the mass of D∗sJ(2317) is about 160 to 170 MeV lower than the bare mass of the
13P0 bound state obtained from the most potential model calculations.
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